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Abstract
Suppose aibici (i = 1; 2) are two triangles of equal side lengths and lying on spheres i with
radii r1; r2 (r1<r2), respectively. We have proved that there is a continuous map h of a1b1c1
onto a2b2c2 so that for any two points p; q in a1b1c1; jpqj>jh(p)h(q)j (Rubinstein and Weng,
J. Combin. Optim. 1 (1997) 67{78). In this note we generalize this compression theorem to
convex surfaces. c© 2000 Elsevier Science B.V. All rights reserved.
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Suppose a1b1c1 is a (minimal geodesic) triangle on a convex surface M with cur-
vature KM > 0 in R3. By geometric measure theory, the area of a1b1c1 and the length
of any curve in a1b1c1 are measured by a (countable) number of very small disks
(or other sets, e.g., triangles) covering a1b1c1 [3]. The set of disks is referred to as a
cover. When we compress the surface, or precisely speaking, when we embed a1b1c1
in a atter surface H , e.g., a sphere with constant curvature KH (6KM ), and preserve
the side lengths, the triangle tends to contract. That is, the disks covering the embed-
ded triangle on H have more overlapping parts. Note that the angles of a triangle are
also measured by these disks. Hence, the overlap of the disks makes the angles of
the embedded triangle smaller. This fact is shown in the following theorem which is
the symmetric form of the original comparison theorem proved by Toponogov [1].
Theorem 1 (Comparison theorem). Let M be a convex surface with curvature KM>0;
and let H be a simply connected surface with constant positive curvature KH6KM . Let
aibici (i=1; 2) be two (minimal geodesic) triangles of equal side lengths on M and H;
respectively. Let i; i; i (i = 1; 2) be the angles at ai; bi; ci. Then 261; 261;
261.
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Note that the overlap of disks has another eect: the distance between any two
points becomes shorter. For M being a sphere, this fact, called compression theorem,
has been proved by us recently [5]. As an application of the theorem, the Steiner ratio
on spheres was proved to be the same as on the Euclidean plane, i.e.,
√
3=2 [2,5].
Since the triangulation approach used in the proof of the compression theorem is based
on the covering theory, the compression theorem can be generalized to arbitrary convex
surfaces. That is,
Theorem 2 (Compression theorem). Let M be a convex surface with curvature
KM > 0; and let H be a simply connected surface with constant positive curvature
KH6KM . Let aibici (i = 1; 2) be two (minimal geodesic) triangles of equal side
lengths on M and H; respectively. Then there exists a continuous map h of the
triangle a1b1c1 onto the triangle a2b2c2 so that for any two points p; q in a1b1c1;
jpqj>jh(p)h(q)j:
Below we give a brief description of this generalization. First we have a lemma
which is the basis of the triangulation approach.
Lemma 1. Suppose pi; qi (i = 1; 2) are two points on aibi; aici with ja1p1j= ja2p2j;
ja1q1j= ja2q2j; respectively. Then jp1q1j>jp2q2j.
Proof (sketch). By the comparison theorem we have
\a1b1c1>\a2b2c2; \a1c1b1>\a2c2b2:
Hence, jb2c2j decreases faster than jb1c1j by the variational argument when bici (i=1; 2)
move to ai respectively [4]. It follows that jp1q1j>jp2q2j. For the details the reader
can refer to [5].
Suppose we rotate a minimal geodesic ab in M , keeping the length xed, to another
position ab′. (Note that bb′ is not necessarily a geodesic.) The triangular region swept
out by ab is referred to as a shuttle. For any point p in abb′ we map p to the point
s(p) on ab so that japj= jas(p)j. Trivially, the distance between two points p and q
in abb′ is reduced by this map s. That is, jpqj>js(p)s(q)j.
Now let pi; qi be the midpoints of aibi; aici (i=1; 2), respectively. Then by the above
lemma we have jp1q1j>jp2q2j. Let ri be the midpoint of bici (i = 1; 2). Similarly,
jp1r1j>jp2r2j; jr1q1j>jr2q2j. So, we can construct triangles a1p1q21; b1r1p21; c1q1r21
that have the same side lengths as a2p2q2; b2r2p2; c2q2r2 as shown in Fig. 1(a)
and (c).
Note that p1q21 becomes shorter when b1p1 rotates to b1p
2
1. It follows that
jp21q21j< jp1q21j. Now we rotate the three triangles a1p11q21; b1r11p21; c1q11r21 anticlock-
wise in order to increase the side lengths of the triangle p21r
2
1q
2
1. Note that at the
end of rotation q21 = q1; p
2
1 = p1; r
2
1 = r1, and by Lemma 1, at that time the trian-
gle p21r
2
1q
2
1 becomes suciently large with sides longer than or equal to the sides of
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Fig. 1.
p2r2q2. Hence, at some proper speeds of rotation, the conguration in Fig. 1(b) is
reached at a certain stage, where the triangle p21r
2
1q
2
1 has the same side lengths as
the triangle p2r2q2. In this way, once a2b2c2 is partitioned into four small triangles,
a1b1c1 can correspondingly be partitioned into four small triangles with the same side
lengths, plus some gaps: three triangular gaps p1p11p
2
1; r1r
1
1r
2
1 ; q1q
1
1q
2
1 and nine shuttle
gaps a1p1p11; a1q1q
2
1; q
2
1p
1
1p
2
1; etc. Now, the map s dened above for shuttles can be
interpreted as a distance-reducing map of the nine shuttles in a1b1c1 onto the sides
of the small triangles in a2b2c2. Namely, s : a1p1p11 ! a2p2; p11p21q21 ! p2q2 and
so on. Moreover, we extend this map s to the triangular gaps in a1b1c1 by dening
s : p1p11p
2
1 ! p2 and so on. Clearly, this extension keeps the property of distance
reduction. Summing up, we have obtained a continuous map s that maps the gaps in
a1b1c1 to the sides of small triangles in a2b2c2.
Repeating this operation we triangulate a2b2c2 and construct the corresponding tri-
angles in a1b1c1 so that all triangles become arbitrarily small. In the end, we establish
a cover of a2b2c2 composed of triangles, and all corresponding triangles in a1b1c1 are
separated by gaps. Hence, the compression theorem (Theorem 2) holds. (The required
continuous map h in Theorem 2 is a natural extension of s. The details of the extension
can be found in [5].)
Now we assume the side lengths of a1b1c1 are k(> 1) times greater than a2b2c2.
Then it is easy to see that a statement corresponding to Lemma 1 holds: jp1q1j>kjp2q2j
for any pi; qi on aibi; aici with ja1p1j= kja2p2j; ja1q1j= kja2q2j. So, assume all small
triangles in a1b1c1 are also k times larger than the corresponding triangles in a2b2c2.
By a similar argument we have the following conclusion immediately.
Theorem 3 (Second compression theorem). Let M be a convex surface with curva-
ture KM > 0; and let H be a simply connected surface with constant positive curvature
KH6KM . Let aibici (i = 1; 2) be two (minimal geodesic) triangles on M and H; re-
spectively. If ja1b1j= kja2b2j; jb1c1j= kjb2c2j; jc1a1j= kjc2a2j and k > 1; then there
exists a continuous map h of the triangle a1b1c1 onto the triangle a2b2c2 so that for
any two points p; q in a1b1c1, jpqj>kjh(p)h(q)j:
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Remark. In the above proof the comparison theorem is used only in Lemma 1. Note
that the measure of angles is factually based on the measure of arcs. So, once the com-
pression theorem (Theorem 2) holds, the comparison theorem (Theorem 1) is a simple
corollary of the compression theorem. We believe that Lemma 1 can be proved without
the use of the comparison theorem, or furthermore, that the compression theorem can
be proved directly as the comparison theorem is. In other words, we believe that the
compression theorem should stand at a more fundamental level than the comparison
theorem does in Riemannian geometry.
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